In this report we describe a new estimator of the volume of axially-convex objects from total vertical projections with known position of the vertical axis. The estimator combines the Cavalieri method with the known formula for area in terms of the support function of a convex body. We examine the accuracy of the proposed estimator for ellipsoidal objects having exactly known support function and volume. As well, we illustrate practical problems of accuracy by implementing the method for some biological products.
Introduction
This paper is motivated by problems in the field of agricultural postharvest engineering. A major thrust of research is the development of non-destructive methods to determine physical characteristics of biological produce for purposes of improved sorting and automated quality control (Bakker-Arkema et al. 1999 ).
Most previous research has been directed to disease and defect detection for quality control, but there is an increasing interest in size and shape determination for sorting (e.g. Booman et al. 1997; Gall 1997; Mattone et al. 2000) . Agricultural products have low unit value and economic viability in industrialized agriculture generally implies high speed automation. One example is provided by Gall et al. 1 (1998) for the UK potato industry. Current mechanical size-grading systems have accuracy of 10-30%, while electronic systems reach 10%. The market standards are still increasing and tolerance values reducing. To be viable, automated sensor systems should be able to handle 100 000 or more potatoes in 1 h.
Stereological methods have the potential to provide accurate and -because they involve sparse sampling -highly efficient algorithms for estimating sizes of objects from images obtained using computer vision, line-and ring-scanning sensors, ultrasound, X-ray scanning or other non-destructive imaging modalities.
There are several examples in the recent literature of attempts to measure size (volume, surface area, caliper diameters) of irregular-shaped objects from images that are projections (shadows) of the object. Hahn and Sanchez (2000) proposed two model-based algorithms to predict volumes of fruit and vegetables. One algorithm involved reconstructing the object using finite elements. The second model used two orthogonal (longitudinal and cross-sectional) projections and an empirical correction factor. Image processing and restoration accounted for 90% of the processing time for carrots. Igathinanathane and Chattopadhyay (1998) modelled food materials as general ellipsoids from measurements of their three principal dimensions under projection and proposed an algorithm to predict surface areas. Gokhale and Benes (1998) described a stereological method to determine the mean width of a population of convex particles from vertical projections. Gall (1997) and Gall et al. (1998) described the use of a ring sensor system (Argus Electronic GmbH, Rostock, Germany) that scans 3D objects in real-time and creates an enveloping spiral of the convex hull from which volume and other size parameters were calculated using models.
The design of many commercial and development sorting machines are particularly suited to obtain axially-oriented ('vertical') projections of an object (cf. Crowe and Delwiche 1996; Gall 1997; Gall et al. 1998) . Some systems rotate an object in normal, X-ray, IR or NIR, laser or spatially modulated (structured) light. Alternatively, several cameras or a mirror viewing system may be positioned around a channel through which singulated produce pass. Optical transmitters and receivers may also be used to effectively obtain a projected 'image'. Saito et al. (1996) described the use of projection images obtained using MRI to detect voids in watermelon. Projection profiles could be obtained much more rapidly than optical sections (900 ms per sample vs. several minutes), making real-time sorting feasible.
The method described in this report can be used to estimate the volume of axially-convex objects -a condition met by many agricultural produce (as well as some biological organs) -from total vertical projections.
Theory
Let K be a bounded convex subset of the plane. The support function h K (ϕ) of K is defined by
Note that
is the support line of K with outward normal (cos ϕ, sin ϕ). The support function h K (ϕ) at ϕ gives the signed distance from the origin O to H ϕ (Fig. 1) .
It is well known (e.g. Santaló 1976, p. 4 ) that the area of K can be calculated from the support function in the following way
Figure 2: Geometry of sampling design
If K is translated with x = (x 1 , x 2 ), then
Using (4), it can be seen that the formula for A(K) holds irrespective of the choice of origin O. In particular, O may be chosen outside of K.
Let us now consider a bounded subset K of 3-dimensional space. Let us choose a fixed axis L 1 passing through the origin O. Let L 2 (u) be a plane perpendicular to L 1 , with signed distance u to the origin O (Fig. 2) . Let K be 'axially convex', by which we mean that for any u, K ∩ L 2 (u) is convex. The Cavalieri principle gives
We can now use (1) and interchange the order of integration
Let L 2 (ϕ) be the plane containing L 1 and with rotation ϕ
The values of the support function h K∩L 2 (u) at ϕ and ϕ + π, ϕ ∈ [0, π), can be observed from the projection of K ∩ L 2 (u) onto the plane L 2 (ϕ). To see this, let
, and the support function at z = uw 3 .
where Π stands for orthogonal projection. We will find the support function of
where · means the inner product, cf. Fig. 3 .
To use (6), we also need to calculate h K∩L 2 (u) . The derivative may be approximated using numerical differentiation. Both integrals in (6) will be discretized as an outcome of the sampling scheme.
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Programs were written in Mathematica r (Wolfram 1999) to process data and implement the estimation algorithm, a discrete analogue of (6):
where there are i = 1 . . . 12 systematic uniform random Cavalieri samples obtained using a random start u 0 and step ∆u, and j = 1 . . . N systematic uniform random orientations. Numerical integration was carried out using the ListIntegrate routine available in Mathematica for approximating the integral of a function described at a finite number of points (Wolfram 1999 ). An integration order of 4 was used for large sample sizes (reduced automatically by the program to order 3 or 2 for small sample sizes). A five-point-formula (Burden and Faires, 1993 ) was used to approximate dh/dϕ for sample sizes N with greater than six h-values,
where ∆ϕ is step size between adjacent samples. The forward-difference formula was used for smaller sample sizes. There are no edge effects in these approximations because of the periodic nature of the domain ϕ.
Accuracy of estimator
The precision of the (unbiased) Cavalieri estimator has been studied extensively and is still a topic of research activity. Less is known about the precision of area estimation from the support function. In practice, the estimator will have some bias, especially for small sample sizes, because of the errors associated with the 7 operations of numerical differentiation and integration (cf. Burden and Faires 1993) .
To assess the accuracy and sources of error of the proposed estimator, its performance with mathematically well-defined shapes having known volume was examined as a function of sample size, shape of cross-section K∩L 2 (u) and offset of the origin O from the geometric centre of the shape. Unless otherwise stated, simulations were run once for 36 systematic uniform random projection directions (i.e., sample size N (ϕ) = 72). The precision of the volume estimatesV were investigated by sub-sampling the support function data systematically using integer divisors of the number of samples, {72, 36, 24, 18, 12, 9, 8, 6 , 4, 3, 2, 1}.
The coefficient of bias CB, coefficient of error CE and root mean square error RM SE for a given sample size N were calculated as
where V is the 'true' or exact volume, k is the number of sub-samples and
The first set of simulations examined the estimation of area from values of the support function at known points. The cases run were for ellipses ( 
8 Eqn. (4) was used to calculate h(ϕ) for non-zero offsets of the origin.
For comparison, the precision of the unbiased 2D nucleator for estimation of area (Gundersen et al. 1988 ) was examined similarly.
Simulations were run to examine the accuracy of volume prediction for sev- To isolate the contributions of h(ϕ) and of dh/dϕ to the estimation error, the performance of the estimator for the unit-volume ellipsoid a = 4b = 2c/3 was examined further as follows. Equations 3 and 6 contain two integration terms (times a constant); the integral of the support function squared h 2 minus the integral of the derivative of the support function squared (dh/dϕ) 2 . The support function of an ellipse is known exactly (eqn. 9) as is its derivative and their integrals. Integrating h 2 and h 2 yields exact values for the cross-sectional area of an ellipsoid at x 3 = u:
where 
Tests on Fruit and Vegetables
The proposed estimator was also used to determine the volumes of a banana, a parsnip and a potato. A crude measure of the volume of each object was determined using a water displacement method, in which the object is suspended in a beaker of water on a platform scale and the volume is equated with the buoyancy force. The object must be completely submerged without touching any of the sides or the bottom of the container; this may involve using a thin rod to submerge or to suspend the object. An important source of error is that the semiporous parsnip and potato may absorb some water. 
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The contribution of the Cavalieri estimator to the CE (bias is zero) can be ignored for 12 systematic sections. As an illustration, the volume of the triaxial ellipsoid with a = 4b = 2c/3, V = 1 and exact areas (Eq. (10) The effect of shape (i.e. ellipse aspect ratio a/b) on accuracy of area estimation is shown in Fig. 9 . For the trivial case of a circle, exact estimation is obtained even for a single sample (i.e. the support function is identical to the radius). However, as aspect ratio increases, both B and CE increase rapidly for small sample sizes.
Translation of the origin will also have a substantial effect on estimator accuracy. Figure 10 presents the influence of origin translation on the bias and CE of area estimation for a circle.
The CE of area estimation from the support function (Fig. 9) is smaller than that of the nucleator (Fig. 11) for sample sizes of six or more (i.e. three or more High CE values were associated with numerical integration of h 2 for small sample sizes (< 6), irrespective of the accuracy of h (cases 1-2). The CE was reduced by 50% or more when h 2 was integrated exactly (cases 3-4). The behaviour of the CE under case 4, where it drops rapidly to zero for small sample sizes (≤ 3), arises because the computed values of dh/dϕ are negligible (exactly zero for N = 1 and 2) and the estimated volume is entirely due to integration of h 2 (which in turn introduces high biases).
Results of the trials with agricultural produce are presented in tables 1 and 2. The potato is an object that is similar to a triaxial ellipsoid with a small offset from the origin, cf. Fig. 4 . We know from the simulations that the volume estimate using all 37 projection directions and 12 Cavalieri slices is very accurate.
The CB = 0.037 and CE = 0.25 associated with estimates using one projection direction is comparable to simulations for an ellipse with a/b = 1.5 for sample size=2, and better than for an ellipse with a/b = 2, cf. Fig. 9 . The parsnip (Fig. 5) provides a good illustration of an object with Cavalieri cross-sections with aspect ratios close to 1 but with varying degrees of translation from the origin. Most of the volume is located approximately centrally, so that three projection directions are sufficient to obtain an overall error of about 6%. Most of the error is due to the bias. The estimation of banana volume with upright ( Fig. 6 ) and inclined ( Fig. 7) positions illustrate the significant additional error (seen as a bias) introduced by large variations in h(ϕ) (and therefore poor estimation of dh/dϕ from small sample sizes). Fifteen projection directions were sufficient to accurately estimate the banana volume for both orientations, yielding almost identical values, cf. Table 2 . Five projection directions were needed to estimate the volume of the banana in an upright position with 4% error. This is similar to that required for the parsnip. Note that the banana has a larger proportion of its volume with shifted origin. For the inclined banana, five projection directions were too few (RM SE = 40.9%). The RM SE decreased exponentially with increasing number of projection directions. An exponential regression of the RM SE data indicated that eight projection directions would be required to reduce the error to less than 5%.
The number of projection directions needed to achieve accurate estimates of unit volume of irregular shapes is somewhat disappointing with regard to practical implementation in agriculture. The accuracy of volume estimation from projections can be dramatically improved, however, if accurate estimates of dh/dϕ are used (Fig. 12 ).
There are two general approaches to carry out sampling. The choice would depend on equipment cost as well as the relative contributions to the total estimator error of the CE (due to sampling and to sensor precision), any bias due to poor dh/dϕ estimates for a given number of projections and object 'shape'. In some cases it would be appropriate to obtain a number of projection images at anywhere from 3 to 9 systematic angular directions to ensure sufficient accuracy. 
Conclusions
Knowing the axis of rotation and knowing the support function one can then estimate the volume of an object from projections. If the cross-sectional area perpendicular to the axis of rotation is not convex, then the estimator will yield the volume of the convex hull.
The estimation of the derivative of the support function from small systematic samples introduces a significant bias and is by far the major component of the RM SE. The estimator bias decreases rapidly (approximately exponentially) with increasing sample size. Deviations from circular cross-sectional shapes and 22 shift of the geometric centre of the object from the axis of rotation are practical situations that influence this bias. To minimise errors, the volume should be positioned as centrally as possible with respect to the origin.
Estimator bias can be practically eliminated if an accurate value of support function derivative is used. This may be obtained using coaxial projection pairs or ring-based optical sensor systems and is left for future investigation.
